The general Ginzburg-Landau formulation of a holographic superconductor is developed near the transition temperature in the probe limit for two kinds of conformal dimension. Below the transition temperature, T < T c , the order-parameter scales with 1 − 
I. INTRODUCTION
The holographic principle, proposed by 't Hooft and Susskind, [1, 2] has been widely recognized as a promising probe of some universal properties of strongly coupled systems. It is conjectured that a strongly coupled quantum system can be regarded as the holographic image of a weakly coupled gravitation theory in higher spatial dimensions and thereby becomes analytically tractable. One example of the holographic principle is the correspondence between the supergravity in AdS 5 background and the N = 4 super Yang-Mills theory in M 4 in the limit of large N c (the number of colors) and large 't Hooft coupling [3] [4] [5] [6] [7] . Among the success of the application of this correspondence to the quark-gluon plasma produced in the relativistic heavy ion collisions (RHIC) are the equation of state, the viscosity ratio [8] .
Another playground of the holographic principle covers the strongly correlated condensed matter systems. The holographic superconductivity (HSC) proposed in Refs. [9] [10] [11] [12] [13] [14] is an interesting attempt in this direction. To simulate the layer structure of some high temperature superconductors such as cuprates, the thermodynamics in 2+1 dimensions (M 3 ) is modeled as the boundary physics of the gravity in an AdS 4 (with the M 3 as the AdS-boundary) black hole background coupled to a U(1) gauge field and a complex scalar field. When the Hawking temperature T is lowered below a critical value, T c , the scalar field acquires a nontrivial configuration in the bulk whose image at the AdS-boundary corresponds to the long range order parameter of the superconductivity. An important result of this model is that the real part of the AC conductivity of HSC at T = 0 shows a gap in frequency [13] for 0 < ω < ω 0 with ω 0 /T c ≈ 8,
in remarkable agreement with the experimental value of cuprate superconductors. This larger ratio compared to the BCS prediction, ω 0 /T c ≈ 3.5, suggests the strong coupling nature of the holographic superconductor. Up to now, extensive investigations have been carried out for HSC in the literature. The original HSC model has been generalized to include non s-wave order parameters at the boundary and to higher powers of the curvature, the higher order Maxwell field and diverse kinds of black holes in the bulk 39] .
In this paper, we derive the Ginzburg-Landau (GL) free energy of HSC in the probe limit.
We obtain analytic expressions of the GL coefficients in both grand canonical ensemble and canonical ensemble with conformal dimension one and two, respectively. As the critical temperature is approached from below, we find the order parameter
along with an analytical formula of the coefficient κ, where △(= 1 , the numerical values of the coefficient and the critical temperature T c in canonical ensemble reported in the literature [11, 12] are reproduced. Our formula for the coefficient κ disagree with that derived in the Ref. [38] . So our work is not a mere reformulation of existing knowledge on the subject. Furthermore, in contrast to the GL theory of a BCS superconductor, where κ ≃ 3.0633 for O 1 ≡ ∆ or O 2 ≡ T c ∆ with ∆ the energy gap, in both grand canonical and canonical ensembles, the difference between the κ values in the two ensembles resonates with the strong coupling information implied by the ratio (1). Beyond the probe limit, our approach to the GL theory can be readily generalized to include the back-reaction of the scalar field to the gravity.
This paper is organized as follows. The general formulation and the probe limit are reviewed in the next section, where we shall introduce the grand canonical ensemble and the canonical ensemble, and the order-parameter on two kinds of conformal dimension. The GL free energy in the grand canonical ensemble is derived in the section 3 and that in the canonical ensemble in the section 4, both for a homogeneous condensate. The gradient term with an inhomogenous order parameter will be considered in the section 5. In the final section, we shall summarize and discuss our results, where we shall pinpoint the reason for the difference between our coefficients in (2) and those in the literature, and further justify our values. The GL of a BCS superconductivity is presented in the appendix to illustrate the difference between the weak coupling and the strong coupling.
II. THE GENERAL FORMULATION
A. The action and the equations of motion
The gravity dual in 3+1 dimensions of a holographic superconductor(HSC) in 2+1 dimensions consists of a metric field g ab with a negative cosmological constant Λ = − 6 L 2 ; a charged complex scalar field Ψ with mass m and charge q, and a U(1) gauge potential A µ .
The metric g ab is asymptotically AdS 4 . The classical action reads:
where
and
with L grav. (L matter. ) the Lagrangian density and G N the Newton's constant. The equations of motion follow from the variational principle. The derivatives of the variations of the field components, δg ab , δA µ and δΨ, in δS grav. + δS matter can be transferred from the bulk to the boundary via integration by parts. S b , residing at the boundary, is chosen such that its variation cancels these derivative terms. Besides the well-known Gibbons-Hawking term, which cancel the derivative of the metric at the boundary, S b may also contain the counterterms involving the matter fields depending on the particular boundary conditions imposed and we shall come to this in due course [40] [41] [42] . In this paper we shall take m 2 = − 2 L 2 to fit the Breitenlohner-Freedman condition. Before the section 5, we shall only consider the case where all matter fields depends only on z with the 1-form A µ dx µ = Φ(z)dt and Ψ(z) a real-valued function.
The probe limit considered in this paper amounts to the limit that q → ∞. Upon the scaling transformation
we have S matter = O 1 q 2 and the Einstein equation: (7) is expanded in the powers of δg ab , the 1st-order variation vanishes due to the Einstein equation and then
whereS HSC denotes S HSC with g ab =ḡ ab . Therefore in the probe limit q → +∞, the feedback of the matter field to the metric can be ignored and we are left with only the vacuum EinsteinHilbert action and the matter action plus some boundary terms to the order O 1 q 2 . With the metric independent of the matter field, we need only to focus on S matter plus the related boundary terms with 1 q 2 factored out. At this point q may be set to one for convenience. In the Poincar coordinate system, {t, z, x 1 , x 2 }, the metric tensorḡ ab is that of the Schwarzschild-AdS 4 space-time and reads:
where the metric function f (z) = 1 − i.e.
where V ≡ d 2 x is the 2D spatial volume at the boundary and the tildes over Φ and Ψ have been suppressed. The arguments of L matter is indicated explicitly in (13) for later references.
The classical equations of motion are:
In order for the action to be finite, Φ has to vanish at the horizon z = z h and Ψ has to be finite there.
The formulation may be further simplified with the horizon radius scaled to one via z = z h y and Φ = z −1
hΦ . It follows that:
with the horizon y = 1.
B. The thermodynamics
It follows from the holographic principle that the thermodynamics of a strongly correlated field theory on 2+1 dimensions boundary is the image at the boundary of a weakly coupled gravity dual in 3+1 dimensions bulk with the Euclidean signature, which is asymptotically AdS and holds a stationary black hole. In the case of the probe limit discussed in this paper, the gravity field decouples from the matters fields. Thus, the thermodynamic partition function reads
where I is the Euclidean action of the gravity dual in the bulk and T is the Hawking temperature of the black hole.Ȋ stands for the action I evaluated at the saddle point, i.e.
the solution of the equations of motion. For the holographic superconductivity:
where a Wick rotation has been carried out to replace dt by −iβ with β = 1 T and I b is the Euclidean version of S b necessary to produce the equations of motion
The saddle point dominating the path integral (17) corresponds to an imaginary Φ E = iΦ with real Φ and Ψ satisfying (14) and (15) . In what follows, we shall refer to the solutions of equations of motion as being on-shell and to general field configurations as being off-shell.
The chemical potential µ and the charge density ρ can be extracted from the asymptotic behavior
As Φ E satisfies a second order differential equation subject to the condition that Φ E = 0 at the horizon z = z h , we are left with only one constant of integration, which may be either µ or ρ. Choosing µ as the integration constant leads to the grand canonical ensemble and the thermodynamic potential density is given by
The variation of I at fixed µ gives rise to the equations of motion with I b = 0 in this case and we can see a straightforward connection between the thermodynamic potential density and Lorentzian Lagrangian:
On the other hand, the canonical ensemble is obtained by choosing ρ as the integration constant. As we shall see in section 4, a nonzero I b is required to cancel the derivative of δΦ E of δI, which also implements the Legendre transformation to the Helmholtz free energy density, i.e.
The thermodynamic relation
in the grand canonical ensemble can be easily verified. Consider the variation of ω under the variation of the integral constant µ, we find
where the variations δΦ E and δΨ are caused by the variation δµ through the equations of motion (19) and (20) . The integral vanishes because of the equations of motion and we are left with
The relation (25) follows then.
The Ginzburg-Landau formulation starts with the Euclidean action I[Φ E , Ψ] with Φ E = iΦ satisfying (19) but with Ψ off-shell. The corresponding thermodynamic potential
becomes a functional of Ψ. It is straightforward to verify that ∂ω(T, µ; Ψ) ∂µ
with ρ a functional of Ψ now.
C. The order-parameter
The holographic superconductivity involves a correspondence between a hairy black hole in the bulk (Ψ = 0) and a long-range order on the boundary. The order parameter is extracted from the asymptotic form of Ψ towards the boundary. Given the asymptotic behavior (21) of Φ, the boundary z = 0 is a regular point of (15) with indices 1 and 2, we have the asymptotic form:
According to the arguments in Refs. [43, 44] , a proper boundary condition amounts to set either Ψ 1 or Ψ 2 to zero 1 , hence the asymptotic behavior becomes 2 :
as z → 0, and △ = 1 or 2.
1 One Lagrangian can give rise to two different quantum field theories in AdS space, depending on the choice of boundary condition, and this quantum field theory in AdS space is equivalent to a conformal field theory on the boundary [6] . 2 In the case of △ = 1, a boundary term lim Following the convention in [11] , the order-parameter is defined as:
In the normal phase Ψ(z) = 0 (Ψ 1 = Ψ 2 = 0) and
with the charge density ρ = µ z h , where y is the scaled coordinate defined at (16) . To explore the onset process of the order parameter, we consider a small Ψ such that its feedback to the solution (33) of the Φ-equation can be ignored and the Ψ-equation becomes:
c . Eq. (34) together with boundary condition (31) and the horizon condition that Ψ is finite at y = 1 defines a Sturm-Liouville problem [38] . A nontrivial solution exists only whenλ △ coincides with one of the eigenvalues. Let us rank the eigenvalues of the Sturm-Liouville problem for a given △ in an ascending order 0 < λ 0 < λ 1 < λ 2 < · · · and denote the normalized eigenfunction corresponding the n-th eigenvalue by u n (y). The orthonormal condition reads:
The lowest eigenvalue λ 0 > 0 defines the critical temperature T c viaλ △ = λ 0 , i.e.
In the limit T → ∞,λ △ → 0, the only solution is Ψ = 0 and the system is in its normal phase. As T is lowered to T c − 0 + , a nontrivial solution proportional to u 0 develops. The growth of this solution for T < T c relies on the non-linearity of the equations of motion and the linear Sturm-Liouville analysis ceases to work. The higher eigenvalues are irrelevant then.
On the other hand, owing to the completeness of eigenfunctions, the solution with T < T c can be expanded in terms of the orthonormal eigenfunctions u i (y):
and the order-parameter can be represented as a linear combination of γ i 's that are temperature dependent:
where U △ i is the asymptotic coefficient of the i-th normalized eigenfunction u i (y):
The variational principle underlying the equations of motion is equivalent to the minimization of ω(T, µ; Ψ) with respect to γ i 's. Solving the minimization problem conditional to (37) will lead to a O △ dependent thermodynamic potential ω( O △ ) ≡ ω(T, µ; Ψ). As T → T c − 0 + , only the first term of (37) and that of (38) dominate, and we find that:
and ω( O △ ) takes the Ginzburg-Landau form
with the coefficient a proportional to T − T c . The relation between the order parameter O △ and γ 0 reads:
with U △ ≡ (U △ ) 0 .
III. THE GRAND CANONICAL ENSEMBLE
With the preparation of the proceeding section, it is straightforward to develop the Ginzburg-Landau formulation of a holographic superconductor and we shall carry out the expedition in the grand canonical ensemble in this section. The first step is to solve the equation (14) for Φ in terms of Ψ and substitute the result into I[Φ E , Ψ] of (18) We shall consider the order parameter with △ = 1, or 2, respectively. For a specified conformal dimension △:
An arbitrary variation δΨ(z) subject to the conditions δΨ(z) → δΨ △ z △ as z → 0 and δΨ(z h ) = 0 leads to the equation (15) with I b = 0.
The Φ field equation (14) can be converted to an integral equation: 
for brevity. At this stage, ρ is also a functional of Ψ. Substituting (45) into the (44), the integral equation becomes:
Meanwhile, the equation of motion (14) enables us to write
where the first term on right hand side comes from the integration by part of the derivative term dΦ dz 2 in the action (18) .
We need Φ to the quadratic order of Ψ in order to expand the thermodynamic potential to the quartic order in Ψ 4 . Starting with the leading order of Φ field:
we find:
where in the last step an integration by part is made and the final expression is written in terms of the scaled coordinate y defined at (16) withλ △ = µ 2 z 2 c . We recognize the SturmLiouville operator sandwiched between two Ψ's in the first term inside the bracket of the final expression of (51). We also notice that the quartic term of (51) is always positive for a nonzero Ψ. Similarly, the equation (15) becomes an integro-differential equation:
Upon substitution of (37), we find that
and is symmetric with all subscripts. In particular,
As T → T c from below,λ △ → λ 0 , the coefficient of γ 2 0 goes to zero from below while the coefficients of other γ's remains positive and O(1). Minimizing (53) with respect to all γ's is equivalent to solving the equation (52). For the purpose of the Ginzburg-Landau formulation, however, we minimize (53) with respect γ n with n ≥ 1 conditional on a small γ 0 . We find:
with n ≥ 1. Since the coefficient on left hand side is of the order O(1) and the leading term on right hand side is proportional to γ 3 0 , we have
for n ≥ 1. It follows that all γ n 's with n ≥ 1 in (53) and in the expression of O △ of (38) can be ignored and the Ginzburg-Landau form of ω[T, µ; Ψ] emerges:
with the critical temperature
Minimize (58) with respect to O △ , we obtain that:
and the on-shell thermodynamic potential density:
The Sturm-Liouville equation (34) Consequently, the critical temperature
the Ginzburg-Landau coefficients 3 :
the critical scaling of the order parameter
and the on-shell thermodynamic potential
Following the method above with a modified boundary condition of the Sturm-Liouville problem at z = 0, it's straightforward to switch into the conformal dimension one case, △ = 1, we obtain: in the canonical ensemble with the coefficient different from that reported in [11] . This inconsistency also happens in △ = 1, which their GL coefficients are a GCE = 3.07µ Then the formula (61) gives rise to the order-parameter:
from (59), we can obtain the Ginzburg-Landau coefficient a GCE and b GCE ,
and the on-shell Ginzburg-Landau free energy:
IV. THE CANONICAL ENSEMBLE
The thermodynamic variables in the canonical ensemble are the temperature and the charge density. The characteristic thermodynamic function is the Helmholtz free energy, which is a Legendre transformation of the thermodynamic potential in the previous section,
i.e.
For the sake of the Ginzburg-Landau formulation, we shall work with a Helmholtz free energy with an off-shell Ψ, i.e.
Therefore we need a functional relation, µ = µ(T, ρ, Ψ), to convert µ on the right hand side of (73) to ρ and this can be obtained from (29) , or equivalently, from (50). Two approaches leading to the same Ginzburg-Landau formulation in the canonical ensemble are followed in this section.
Our first approach is purely thermodynamic. Starting with the Ginzburg-Landau form of the thermodynamic potential (25) in the grand canonical potential, Eq. (29) yields
and it follows that
with
In the case of the conformal dimension one, △ = 1, we have T c ≈ 0.226 √ ρ and the off-shell Ginzburg-Landau free energy
It follows that
and the on-shell form of (84) is given by
The values of the scaling coefficients in order-parameter (82); (85) and critical temperature relations make a good agreement with that reported in [11] , which is obtained by numerical fitting.
It is interesting to notice that the quartic terms of the Ginzburg-Landau energy in the grand canonical ensemble and in the canonical ensemble are not simply related by the leading order relation There we see that the contribution of the quadratic term in the expansion of µ in the powers of the order parameter to the quartic term of the Helmholtz free energy is suppressed because of T c ≪ µ. This observation reflects the strong coupling nature of the holographic superconductivity.
Our second approach highlights the Φ E -dependent term of the boundary action I b necessary to produce the equation of motion (19) and to implement the Legendre transformation (73). A similar mechanism 4 was discussed in the context of the black hole thermodynamics in Refs: [45, 46] . The integration constant for the equation of motion of Φ E is the density ρ now and the variation δΦ E underlying (19) satisfies the condition
at the boundary z = 0 in this case. Therefore a term where ∇ = ( It follows that
Consequently, the contribution from the gradient square, ( ∇Φ) 2 of (91) is beyond the order of the Ginzburg-Landau gradient term, | ∇Ψ| 2 , and can be dropped. Therefore the gradient term of the order parameter within GL framework comes solely from the second term of (91).
Substituting (98) and (95) together with the expansion the expansion
into (96), we obtain that:
and the eq.(56) for n ≥ 1 becomes
Since λn λ △ − 1 > 0 for n ≥ 0, the eigenvalues of the operator acting on γ n on the left hand side cannot be less than
, and a consistent estimate gives rise to
for n ≥ 0. The contribution from γ n 's with n ≥ 0 is beyond the order of the GinzburgLandau theory and we have
The coefficient of gradient term in GL free energy above are:
Numerically, we find that
After performing a variation to the order-parameter, we obtain the Ginzburg-Landau equation of an inhomogenous order parameter:
This formulation can be generalized to the situation with a magnetic field at the boundary by replacing the ordinary gradient ∇ to the covariant gradient ∇ − i A with A the U (1) vector potential in 2+1 dimensions.
The Ginzburg-Landau formulation in the canonical ensemble with a x-independent ρ can be derived similarly and the Helmholtz free energy with an inhomogenous order parameter reads
where the Ginzburg-Landau coefficients a CE and b CE are given by (77).
VI. DISCUSSIONS
In this work, we have developed the Ginzburg-Landau formulation of a holographic superconductor in both the grand canonical ensemble and the canonical ensemble under the probe limit. The critical temperature T c in terms of the chemical potential or the charge density in our formulation agrees with that reported in the literature [11] . So is the critical exponent of the order parameter as is expected for a Ginzburg-Landau theory. But our result is not a mere reformulation of existing knowledge on the subject. Our formula of the constant of proportionality of the critical behavior (2), which can be read off from (82), is different from the one in the literature [38] . The values of this constant in the grand canonical ensemble and the canonical ensemble are different, reflecting the strong coupling nature of the underlying superconductivity. In addition, we have also derived the analytical expression of the gradient term.
Let us comment on the difference between our analytical expression for κ and that in
Ref. [38] . We argue that the formulation in [38] is insufficient to fix this constant of proportionality. Since we made the same mistake at the early stage of this project, we shall reproduce our experience below. It is convenient to switch to the dimensionless coordinate y that scales the horizon radius for an arbitrary temperature to one. At T = T c , Ψ = 0 and we find the exact solution to (19) , with the perturbation ∆Φ given by the equation
Therefore ∆Φ is obtained by integrating the right hand side twice. The horizon boundary condition, ∆Φ = 0 at y = 1 fixes only one of the two integration constants and we end up
with the integration constant α = O(1) and
up to the order γ 
and the charge density
up to the same order, O 1 −
T Tc
. Combining (116) and (117) to eliminate α, we find that
In the canonical ensemble (grand canonical ensemble), the temperature dependence of µ (ρ) away from T c is undetermined. Therefore the constant in (2) cannot be fixed this way.
Upon substitution of our numerical solution u 0 (y) of the Sturm-Liouville problem, which yields the coefficient κ ≃ 144 with our formula in the canonical ensemble, into the formula in [38] , we find the value 168 for κ.
The Ginzburg-Landau formulation developed in this work can be readily generalized 
It follows from the Einstein equation for g ab , (9) and the equation (19) for Φ (in a general metric) that ∆g ab = O(Ψ 2 ) and ∆Φ = O(Ψ 2 ). Therefore beyond the probe limit, the metric underlying the Sturm-Liouville problem becomes that of a RNA black hole. The deviations from RNA metric contribute only to the quartic term of the Ginzburg-Landau theory.
The holographic superconductivity discussed here and investigated in the literature all come from the classical limit of its gravity dual. Following the example of the correspondence between the super Yang-Mills and the superstring in AdS 5 × S 5 , it is conceivable that the underlying field theory of the superconductivity at the boundary is in some large-N limit with N the multiplicity of some internal degrees of freedom. Then the fluctuation of the long rage order can be ignored and Ginzburg-Landau formulation developed in this paper becomes exact. For a realistic superconductor, say finite N case, the long range order at a nonzero temperature will be completely destroyed by the fluctuation of its phase in a space of dimensions two or less, in accordance with the well-known Hohenberg theorem [47] . Therefore, singularities should emerge if the holographic correspondence is generalized beyond the large-N limit. Without the knowledge of the underlying string theory in the bulk and its field theory image at the boundary, one can only suggest some possibilities. The finite N-correction may bring about some stronger metric singularities at the horizon that renders the Sturm-Liouville problem for the critical temperature non self-adjoint. Or the action (7) acquires a non-polynomial potential of the scalar field that is singular at Ψ = 0.
The Ginzburg-Landau free energy corresponds to ω expanded to the quartic power of ∆ near the critical temperature, T c , We have
where ω 0 is the thermodynamic potential density of a free electron gas and the coefficient a 
where the quartic term comes from the square of the second term of (A13) and is given by 
in both ensembles.This, however, is not the case in the strong coupling.
